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1. Introduction 



Prescribed Gauss-Kronecker curvature problems are widely studied in the literature. Fa- 
mous among them is the Minkowski problem. It was studied by H. Minkowski, A.D. 
Alexandrov, H. Lewy, A.V. Pogorelov, L. Nirenberg and at last solved by S.Y. Cheng and S.T. 
Yau [CY]. After that, V.l.Oliker [O] researched the arbitrary hypersurface with prescribed 
Gauss curvature in Euclidean space. On the other hand, L. A. Caffarelli, L. Nirenberg, and J. 
Spruck studied the boundary-value problem of prescribed Weingarten curvature of graphs 
over some Euclidean domain in [CNS2], [CNS3], [CNS4]. Then B. Guan and J. Spruke [GS] 
studied the boundary-value problem in the case of hypersurfaces that can be represented 
as a radial graph over some domain on some unit sphere. But on the product unit spheres, 
the similar problem has not been studied systematically. The present paper tries to ask and 
partly solve a problem of this kind. 

Let S™ C S" C R"+\ and 5""+"+i c R'"+' K"+' are three unit spheres. 7, p 

are position vectors of S'^, respectively, and it is a smooth function defined on S"" x 5*". 
Consider a hypersurface AI C 5"™+"+! defined by a natural embedding X 

(1.1) X : S™ X > 



(l + e-2")V2 ' (1 + e2")i/2'^- 

This map firstly appears in [H], but that paper only discusses the prescribed mean curvature 
problem. The fact that the map is an embedding will be proved in Section 2. Now we state 
explicitly the main problem: for a given positive smooth function K defined on 5"" x 5"*, 
can we find a closed strictly convex hypersurface in 5""+"+^ which is described by (1.1), 
and whose Gauss-Kronecker curvature is K ? We will show that there is no global solution 
to this problem. So we have to restrict this problem to a subdomain of 5™ x 5". We solve 
this problem for some special domains defined as follows: 

Definition 1.1. (PHC-domains) Assume m ^ n. For m > n, a domain C 5"" x S" is called a 
PHC-domain if it satisfies 

(i) is a product domain of the form Q — x S" with C S""; 

(ii) Q,x is contained in some hemisphere; 

(Hi) Vlx is a strictly infinitesimally convex domain with smooth boundary. 

For m < n, we give a similar definition by changing the position of m and n: let Q, — S"" x Q,y, 
fij; C S" , and replace 0,^ with Q,y in (ii),(iii) above. 

We know strictly geodesically convex is equivalent to strictly locally convex, and they 
can be induced by strictly infinitesimally convex. For details see [S]. Our main result is the 

Theorem 1.1. Assume that Q C 5"" x S" is a PHC-domain. For a given smooth positive function 
K defined on Cl, there is an embedding X given by (1.1) on Cl, giving a closed strictly convex smooth 
hypersurface in 5"™+"+!^ whose Gauss-Kronecker curvature is K. 
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The prescribed Gauss curvature problems always relate to some Monge-Ampere type 
equation. Assume m> n. Consider the Dirichlet problem on a PHC-domain Q 

(J 2) / detM(M) = j£:(/(w, |Vxw|^|V«M|^))'''^ in ft 

1 w = <^ on 90 

where K, ^ e C°°{n), > on H, M{u) is defined in (2.9) and the rest of the notation 
defined in (2.1),(2.2). This is the equation associated to our maia problem. Although by 
the effort of much people, Monge-Ampere equations are well understood now, in our case 
there are some new difficulties. 

The framework to obtain a solution is the classical continuity method (see [N]). So we 
need to give the openness part and the closedness part. For the openness part, the condition 
of the imiqueness of linearized equation relies on the smallness of boundary-values. Hence 
we consider Dirichlet problem (1.2) with sufficiently small boundary-values. For the closed- 
ness part, the openness also gives the comparison Lemma 3.1, leading to the construction 
of the subsolution using suitable boundary-values. As in [CNSl], the subsolution gives the 
initial solution, the C° estimate and the estimate on the boundary. The interior es- 
timate is needed, since the manifold we consider here is a product of a domain and a imit 
sphere, and the sphere has no boundary. We choose a natural function (3.22) and estimate it 
at its maximum value point to obtain the bound. For the interior estimate, the difficulty 
is that we cannot diagonalize the three matrices {M{u)AB)(m+n)x(m+n), {M{u)ij)mxm. and 
(M(w)a;3)„xri at the same time (the conservation of the indices is stated in the head of Sec- 
tion 2). Because of this, we need to introduce a term J2a M{u)^'^ J2a M{u)aa- Inspired 
by papers of S.T. Yau [Y] and B. Guan [G], we choose a function (4.11). Then estimating it 
at the maximimi value point, and computing explicitly the fimction / in equation (1.2), we 
obtain the needed term and the interior estimate, in which we also generalized the idea 
of using a term in the paper [Y]. For the estimate on the boundary, we have the same 
difficulty as for the interior estimate and the difficulty that the manifold is a product mani- 
fold. Inspired by [CNSl], we use a fimction developed in [G] and the coordinate functions 
in Euclidean space to obtain the estimate. Then from Evans-Krylov theory (see [GT]), we 
have the C^'" estimate. At last , differentiate (1.2) and using Schauder theory, we have 

Proposition 1.2. Let < t < 2, K > smooth and ip € ABF(t, K). Assume that u is the solution 
of problem (1.2). Then there is a constant Co depending on ijj, m, n, K, dO,, k, a such that 

(1-3) \Mc''.''(fi) S Co, 

where k is a positive integer and < a < 1. 

Here r is defined in (2.1) and ABF(r, K) is defined in Definition 3.2. Now by the conti- 
nuity method, we have 

Theorem 1.2. Let Q, C 5"" x S" be a PHC-domain, and m > n. For a given smooth function K 
> and tp G ABF(t, K), problem (1.2) has a unique convex smooth solution(meaning that M{u) 
is positive definite). 

Since the main problem leads to equation (1.2), for ni > n Theorem 1.2 gives the m > n 
part of Theorem 1.1 . For m < n, we take v = —u and change the position of S"" and S", 
so it becomes the previous case and the map X is not changed. Then we obtain the rest of 
Theorem 1.1. 

The present paper is organized as follows: in Section 2, we compute out the Gauss- 
Kroneker curvature of the hypersurface M defined by map X, and give the openness part 
of equation (1.2). Section 3 gives the C° and estimates of (1.2). And the last two sections 
give the estimate in the interior and on the boundary. 

Ackonowledgement: The author wishes to thank Professor JiaXing Hong, Professor Xuan- 
Guo Huang, and Professor Dan Zaffran for their helpful discussion. 
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2. Equation and Openness 

We firstly compute the Gauss-Rronecker curvature of the hypersurface M defined by (1.1). 
Let{ }, {cm+i , ■ ■ ■ , era+n} be local orthonormal coordinates of 5"", 5'". Through- 

out our paper, Latin indices {i, j, - ■ ■ ), Greek indices (a, /3, • • • ) and capital Latin indices 
{A,B,- ■ ■) take values in the sets {1, • • • , m}, {m + 1, • • • ,m + n} and {!,••• , m + n} re- 
spectively. Now we define 

and 

(2.2) |V.«|' = ^ul IV^wl" = ^-4, |V«|' = |V.m|' + |V^w|^ 

i a 

Obviously, 

(2.3) 7i = ev, 7a = 0; Pi = 0; pa = Cc,. 
Then the tangent vectors of M is 

(2.4) Xa = (l + e'")-i[e"MA7 + e"(l + e'")7A + (l + e'")pA-e'"MAp] 
and the induced metric g is 

(2.5) QAB = <Xa,Xb> 

" (1 + e^")^ [^AUB + (1 + e^") < 7A,7B >+{l + e ^")<pa,Pb>]. 

Here < •, • > is the standard inner product of and we choose special local coordi- 

nates such that I Va:w| = ui and \Wyu\ = Um+i, then 

(2.6) det(ffAs) = (^^g2^)^+„ (l + - ^^^d 

And (2.6) implies that X is an embedding. Out of the two normal imit vectors of M in 
gm+r^+i^ we choose 



(2.7) 

and 
(2.8) 



-7 + e"p + Mi7, + e" Ugp,, 
(1 + e2" + |V,uP + e2"lVj,MP)i 



fii = [ln(l + e'" + |V.«|' + e'"|V,,Kj')^l,n-(l + e'" + |V.w|'-he'"|Vyw|')-5 



X 



[^(wij - <5ij)7j - Ui^ + e"uip + e" '^{uif} + UiUi3)p/3], 



n„ = [ln(l + e'" + |V,M|' + e'"|Vj,M|')^]„n-(l + e'" + |V.M|' + e'"|Vyw|')-' 

j 13 

where we use jij + ySij = and pafs + pSap = 0. Now we denote a symmetric matrix 

{Uij — UiUj - Sij ^, S e {1, • • • , m} 
u^a Ae{l,--- ,m},B £{m. + l,--- ,m + n} . 

UaS + UaUp + 5a0 A, B £ {m + 1, ■ ■ ■ ,m + n} 

Then the second fundamental tensor of M along n is 

(2.10) hAB = -<nA,XB> 

= e"[(l + e'")(l + e'" + |V.m|' + ^^^IWyufT^ M{u)ab. 
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(2-11) K = = ,^ a detM(n 



det(s'As) , |Va;M|^ + e^"|V^M| 



■»+n+2 
— 5 



Then rewrite (2.11), and using (2.1),(2.2), we liave (1.2). 

Proposition 2.1. There is no global strictly convex hypersurface described by (1.1) on the product 
of unit spheres. 

Proof: The meaning of strictly convex here is that the hypersurface M viewed as the 
submanifold of is strictly convex. This means that the second fundamental tensor 

is positive or negative definite, which implies that (uij — UiUj—Sij) > Oor {uais+UaUfj+Sap) 
< 0. In the first case, at the maximum value point of u, we have {uij) ^ and Vm = 0. Then 
(5ij) < (uij) ^ 0, which is a contradiction. The second case has the same contradiction at 
the rninimimi value point of u. □ 



Remark 2.2. In the problem (1.2), u attains its maximum value point only on the boundary offl. 
We can see this by the same argument as used in Proposition 2.1. 

□ 

Now we discuss the openness part of problem (1.2). Let D = {u € C^''^(0); M|an = 
tp, M{u) is positive definite}. Consider the map F induced by problem (1.2) 

(2.12) F:D — > C7"(a) 

n n ■m+n+2 

u I — y {f{u, IVxwl , IVywl )) ~ det M{u). 
The linearized operator of F at w along fimction v is 

(2.13) DF(^u)v 

= det M(u)[^ M{u)^''vAB - 2 ^ M{u)''uiVj + 2 ^ M{u)°''^UcVp] 

A,B i,j a,/3 

m + n + 2 m+n+4 



m-t-n-t-4 ^ — > ^ — r 

/ 2 det M(u) [frv + 2fp \u^Vi+ 2/q > 

i Q 

where (M(w)^^) is the inverse matrix of (M(m)as). When /,. ^ 0, the linearized problem 
has a unique solution. Then by linear elliptic PDE theory, DF(u) is a continuous linear 
bijective map. Now by the implicit function theorem and the openness of positivity, we 
obtain the openness. Hence, we only need to find the condition guaranteeing fr ^ 0. Since 

(2.14) _ e [T+ ^-^^^2ry P+ i + e2- + (l + e2'-)2J' 
at r = w, p = I Vxm|^, q = | Vj,m|^, we only need 

(2.15) r(l + e^")-2e^" ^ 0. 
Now by Remark 2.2, if we require 

1 t/2 

(2.16) u ^ supw = supV^ ^ o ^1 — — 77; J 

an an 2 1 — t/2 

then (2.15) is satisfied. And (2.16) makes sense if m > n by (2.1). 

1 t/2 

Proposition 2.3. Assume m > n, and supg^; V = 2 ^'^^ ^ — ~~/2' ^^^^ openness of problem 
(1.2) holds. 

□ 
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3. C" AND ESTIMATES 

From this section on, we always assume m>n and use the Einstein convention: indices ap- 
pearing twice in an expression, once as a subscript,once as a superscript implicitly summed 
over. The following comparison Lemma maybe known, but the author did not find an 
appropriate reference, so it is included here. 

Lemma 3.1. Let Qbea domain on the product of unit spheres. Let 

(3.1) G{u) = det M{u)[g{u,\V:,uf,\Vyuf)]-\ 

where M (v) defined in (2.9) is positive definite and g{r,p, q) is a positive smooth function on R^. 
Assume that there is a constant ro such that for r ^ ro, Qr > 0. For two smooth functions u, v, if 
u,v "^ro and G(u) ^ G{v) then one of the following holds 

(3.2) V — sup(w — ti) ^ u, or v ^ M. 
Proof: By G{u) ^ G{v) 

detM(w) g{v,\V^v\'\\\'yv\'^) 



^^'^^ detM(M) = ff(w,|Va,M|MV;,w|2)" 

Since M (u) is symmetric and positive definite, we can assume M{u) = CC^ , where C is a 
non-degenerate matrix. Then 

^^■^^ detM(I) = Aet[C-\M{v)-M{u)){C'^)-'+Id\ 

< r m + n + tr{C-\M{v) - M{u)){C-^f) .m+n 
~ m + n 

= {l + _!_tr[M(u)-VM(w)-M(u))]|'"+", 

rn + n 

where, tr means taking the trace of a matrix. If (3.2) does not hold, and the function v — u 
attains its maximum value at some point in fi, then at that point, v — u> Q, Vw = Vw, and 
[{v — u)ab] is non-positive definite. So 

(3.5) tr[{M(u))-\M{v) - M{u))] = M{u)^'^ {v - u)ab ^ 0, 
And since u < v ^ ro, \7u — V«, Qr > 0, we have 

(3.6) giv,\V^vf,\Vyvf) = giv,\V^u\\\S/yuf) > g{u,\V^u\\\S/yuf). 
Hence by (3.3)-(3.6), we have a contradiction. □ 

We introduce a class of function sets. 

Definition 3.2. (ABF-sets) Assume Q is a PHC-domain, m > n and K is a smooth positive 
function defined on fi. We assume Q. — 0,^ x S". Let be a smooth function on Cl^. We call 4> an 
admissible boundary function (simply, ABF) with respect to t and K, if it satisfies 

(i) The matrix M{ip) is positive definite, 

1 r/3 

(ii) supasj ilj^-ln - — and F{ip) ^ K. 

I i — T / 1 

The set of all ABFs with respect to r and K is denoted by ABF(t, K). 

In fact for 0<r<2, if>Oona PHC-domain, the set ABF(t, K) is always non-empty. 
Indeed for a PHC-domain Q, we can always assume that fl^ is contained in the hemisphere 
{x e R'^'^^jx £ S"" and xi > 0}. So we can take a constant E >0 sufficiently small, such 
that xi — E > 0. Then for any constant F > 0, let 

(3.7) ifi = -lnF{xi-E). 
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The derivative of is 

(^■°) Vi = F' fij = F + 7 Fvp"' 

xi - _E xi - E (xi - Ey 

where we use (x{)ij + a;i(5ij = (cf.[CY]). Then 

E 

(3.9) (fij - tpiifj - 5ij = -6ij. 

xi — hi 

Then we take A big enough such that 

(3.10) if -A ^ lin- /^^^ 



2 l-r/2' 
and 

(3.11) F{^-A) ^ e^rn-n)(A-^) det M(y) ^ ^ 

(l + |VyP) 2" 

both holds. So let ?/> = — A, then t/; satisfies (i)(ii) of definition (3.2). Then ABF(t, K) is 
always not empty. 

Now fix T, K. For any ip € ABF(t, K) as the boundary function, we use the continuity 
method to solve the Dirichlet problem (1.2). For t e [0, 1], take 

(3.12) Kt = {l-t)F{^)+tK. 

Assume that F{ut) = Kt with Mt|an = -ip. Obviously, att = 0, we can take wo = "ip- By 
Definition 3.2, ^(-0) ^ K, so 

(3.13) k ^ Kt ^ F{i)). 

1 t/3 

Let function g equals j^, Lemma 3.1. Take ro = - In - — —t^- When r ^ ro, we 

2 1 — r/2 

have 

(3.14) r(l + e""") - 26"" ^ ^. 
By (2.14) and < t < 2, for p, g > 0, 

h 2e2'-g 



Mr,p,q) > + (1 + e^--)^ > r/3 

^ ^ ^ /(r,P,9) - P e^-g = l + e^-- > 

1 + e2'- 1 + 62-^ 

Since we have Vi e ABF(r, i^), by the (ii) of Definition 3.2 we have ut ^ ro. Then (3.15) 

implies gr > 0. Moreover by (3.13), F{ut) S FW- Now we can use Lemma 3.1. By 
ut\an = V), we have 

(3.16) i> S Ut. 

Combining (3.16) and Remark 2.2, we obtain the C° estimate. 

Now by the definition of derivative, (3.16) and ut\dn = ■ip, on 90, 

(3.17) ^ ^ f, 

on on 

where n is the outer normal direction of O. If vector F is in the tangent space of the sub- 
manifold dQ, then Vy wt = Vyi/j. Hence there is a constant Ci depending on ■ip, m, n, such 
that 

(3.18) Vyut ^ Ci, 

where F is a unit vector in the tangent space of S"* x S" supported by dO., and the angle 
between Y and n is not bigger than n/2. 
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For any point P £ dO.^ x 5'", we know that P = {Pj,, Py), where G dQ,^,, Py G S". 
In Q.X we take a geodesic curve Ix which starts at Px with direction —n{Px) ( the inward 
normal direction of Px ) and ends at point Qx € dVlx- Denote by a the arc parameter of Ix- 
Then at every point of Ix, we choose a orthonormal frame {ei, • • • , em} such that em is the 
positive direction of Ix, namely Sm = d/{da). Then by the positivity of the matrix M(w) 
along geodesic curve Ix, 

(3.19) {Ut)a;a - iUt)l - 1 > 0, 

where {ut)a,a is the second order normal derivative. Take integral and by (3.18), 

(3.20) -^{P) = {Ut)a{Px,Py) < {Ut)AQ^,Qy) S Cl. 

on 

Combining (3.18) (3.20), we obtain the estimate on the boundary. Namely, there is a 
constant C2 depending on -ip, m, n, dCl, such that on dQ 

(3.21) IVutl ^ C2. 

Now we only need to give the interior estimate. Without loss of the generality, we 
only give the estimate for equation (1.2). 
Consider a function 

(3.22) <t> = \Vu\\ 
and let the operator 

(3.23) Lv = M(w)^^VAs. 

Assume that attains its maximum value at some point P in ft. Then at P, 

(3.24) 4>A = 2j2ucucA = 0. 

c 

By the Ricci identity on the product of imit spheres, 

(3.25) uabc — uacb = —ucSab + ubSac- 
Using (3.25) and the positivity of M{u), 

(3.26) ^Lcf> = M{u)"^^ ucAUcB + y^^M{u)"^^ucucAB 
^ c c 

^ J2 M{u)'^''ucUABC + M{u)^''\Vuf - M(uy^''uAUB 

C A 
^ M{u)^^UCUABC- 

c 

Take logarithm of (1.2), and differentiate it. We get 

(3.27) M{U)^''UABC = M{uf{UiUj+6ij)c-M{u)°'^{UaUl3+6cf3)c + ^ 

m + n + 2 ,fr , r ^ , f ^ \ 

H 7 iy"*^ +/p2^MiMiC + Jq/ , UgUaC)- 

i OL 

Now by (3.24) and (3.26), 

(3.28) L(j) g 2 + /t-|Vm| . 

c ■' 

Then by (3.15) and the C° estimate, there is a positive constant ei depending on ii, m, n, 
such that 

(.29) Mu,\Vxu\MVyu\^) ^ ^ 

^ " ' /(«, |v.u|Mv,«|2) = 
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Now by (3.29) and Schwarz inequality, at point P 

(3.30) ^ L(/> ^ -C-2el|VM|^ + (m + n + 2)el|VM|^ 

which implies the interior estimate. Here C is a positive constant depending on ip, K, m, n. 

Now we have proved 

Proposition 3.3. Let < t < 2, K > and ip € ABF(t, K). Assume that ut is the solution of 
problem (1.2) in which K is Kt defined by (3.12), and ip is -ip. Then there is a constant Cz depending 
on xp, m, n, K, dO, such that 

(3.31) WutWcHn) ^ Ca. 

□ 

4. Interior C'^ estimate 

Since we have a lot of positive constants, for simplicity, from this section on, we write C 
to represent any constant of minor important. For a useful constant, we use C or C with a 
lower index (for example Ci,Ci) to represent it. These constants always relate toip, K,m,n 
and the norm of u, but we do not refer to this fact everywhere. Without loss of generality, 
we only estimate problem (1.2) with ip e ABF(r, K), so by (3.14), (3.15) and (3.16), u ^ (/'• 
Since is a PHC-domain, we can assume (ix C {x £ R'"+^; x £ S"" and xi > 0}. Then 
there is a positive constant S2 depending on dQ such that in fi, 

(4.1) XI ^ £2. 

We let 

(4.2) rj = 3^e-C4(«-V'+i) _g-C6a=i^ 

(4.3) C = 3-77, 

where C4, C5 are two positive constants which will be determined in the following. Since 

the matrix M(-i/>) is positive, we can assume M{tp) ^ Aesid, where £3 is a positive constant 
depending on ^p. Then using (2.9),(3.23) and Proposition 3.3, 

(4.4) L{e-^*'-"-'^+''^) 

= e-^*("-*+i){C|M(u)^^(« - V)a(w - V)s - C4M{u)^''{M{u)ab - M(V)as) 

-C4M{u)'^[UiUj - Ipilpj] - C4M(M)"'^[-MaM/3 + tpatp/s]} 

^ e-'^*'"-*+'^{C|M(M)'*^(M - iP)a{u - iP)b - (m + njd + Assd ^ M(m)^'* 

A 

-CC4 M{uy' + C4M{U)°'^(U - i>)cUi3 + CiM{u)°'^^oc{u - V')/3}. 
i 

Now 

(4.5) Miu)^" i-n)AB + 2M(uY'uir]j - 2M{u)°''^Uarip 

^ e-'^*("-"^+'){C|M(M)^^(w- V)a(m- V)s - (m + n)C4+4£3C4^M(M)^'* 

A 

-CCa M{u)" + ZCaM{u)°''^{u - ip)c.Uf} + CaM{u)"'^%Poc{u - %p)i3} 

i 

= e-^^("-*+'^{C|M(w)^^(«- 'i/')A(w- V)b - (m + n)C4 + 4e3C4X^M(«)'*'* 

A 

-CC4 Y -^M" + 3C4M(M)"-^Va(M - + C4M(w)'*''(m - V)aM/3 

i 

-3CiM(^u)°"lpa,{u - ■(/)); - C4M{U)"^{U - ^p)iUf,} 

+e-^'^'[C!M{uf{xi)i{xi)j + 2C^M{uy'ui{xi)j - C^Miuf {xi)ij]. 
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By Schwarz inequality and because the norms of tp and u are bounded, we have 

(4.6) \3C4M{u)^^{u - V)a«/3| ^ ^M{u)^''{u - - V)b + ^M(w)"''w„W;3 

A 

and we also have a similar inequality for the term CaM{u)°'^ {%j})a(u — iP)b and the inequal- 
ity \2C5M{uy'ui{xi)j\ S CiM{uy'{xi)i{xi)j + M{uy'uiUj. Then 

(4.7) M{u)^''{-n)AB + 2M{ufuir)j - 2M{u)°"^UcVf3 

A i 

i,cx 

where Ci, • • • , (74 are four positive constants. Obviously by the positivity of M{u), 

(4.8) 2|Af('u)"'| ^ 2|M('u)"°M(m)"|'^'' ^ -^M(m)"" + ^^M(u)". 

mC4 £3 

Now by (4.7) and the fact {xi)ij + xiSi^ = 0, 

(4.9) M(w)'*^(-??)ab + 2Af - 2Miu)°'^u^rip 

^ g-C4(u-V+i) [.c-^c-^ + (3e3C4 - 62) ^ M(m)'^'^ - C'5C4 ^ M(m)"] 

A i 

+e-^^"i(C5Si - C|) ^M(w)", 

i 

where is also a positive constant depending on (74, £3, m and n. Now we take C5 = 
2Clje2, and d = max{(72/e3, 2((76e'^^ /Cs)}- Now since ^ 1, w ^ V and (4.1), we have 

(4.10) M(w)^^(-r7)AB + 2M{ufuir]j - 2M (u)"'^ UcVs ^ 4e4 ^M(w)^^ - C, 

where £4 = g-'^^^i+^^ft l"-'''l)(72/2. Now define a function 

(4.11) (/> = e"^«''AM + C, 

where Ce is a positive constant which will be determined in the following, and A is the 
Laplace operator of S"" x 5". This type of function is well known (see [Y]), but we modify 
it and use the idea of [B] to handle the extra term J2a M{u)^^ J2a M{u)aa which will 
appear in the following. Assume 4> attains its maximum value at point P gQ. Then at P, 

(4.12) 4>A = -C6??Ae-^^''AM + e-'='«''^wccA+CA = 0. 

c 

Then 

(4.13) L{4,) 

= e-'^''''[CiM{u)^''riAriBAu - C6M(w)'*^r?AsAw - 2C6M(w)'*^r?A ^wccs 

c 

+ Y,M{u)^''uccab] + M{u)^''^AB. 

c 

Use the notation Rbcd to denote the Riemannian curvature(see [C] appendix A.6 and the 
Ricci identities using in the following also see this book). Firstly by the Ricci identity and 
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(2.9), 

(4.14) M{ufriAUccB 

= M{u)^^r]AUBCC — M{u)^^ tiaueRbcc 

^ M{u)'^^ t}aM{u)bcc + M{u)^''r}A{uiUj + Sij)j — M{u)^"r]A{uaUi3 + 60,0)0 
+(7^M(w)^^ 

A 

= M{ufr]AM{u)BCC + M(u)^'r)AU^ J2 ^i'>j)n + M{u)^'rjAUi J^i^j + 1) 

-M{u)^°'r)AUa ^2 M{u)00 + M(M)^"r?AWa X^(m^ + 1) + M{u)^^r)AUijUj 

9 8 
-M{u)^"r,AUc0U0 + C ^ M(w)^^ 

^ M{ufi^AM{u)BCC + (\M{u)'^'nAU,\ + |M(it)"'"r;AWc|) X1m(w)aa 



A 
^AA 



Since 

(4.15) \M{u)^'r)AUi\ ^ y^M(M)" + CM(M)^^7?Ar?s, 

i 

and we have a similar inequality for the term \M{u)^°'r}AUot\. By Schwarz inequality and 
(2.9) 

(4.16) M{u)^'r)AUijUj ^ M(w)^'7?A(M(M)ijM,) + M(m)'*'* 

A 

g (M(M)'*^r?Ar;s)i/''(M(w)'^M(w)««fcM(«),-,M,)'^' +Cl^A^(tt)'*'*, 

A 

then diagonalizing the matrix {Miuf^ M{u)ikM{u)ji) at point P and using the positivity 

of M{u), we have 

(4.17) Miuf M{u)ikUkM{u)jiui ^ Cj2M{u)"{Y,M{u)uf. 

i i 

By the above two inequalities, 

(4.18) M{u)^\AUijUj 

^ C{M{u)^''nAnBY'\Y. M{uff'^ ^(«)« + ^ E M{u)^^ 

i i A 

= ? E ^ M{u)ii + CM{u)^^nAiiB M{u)aa + C ^ M{u)^^. 

A i A A 

Similarly, we have an inequality for the term —M{u)^°'r]AUa0U0. Now combining (4.14), 
(4.15) and (4.18), 



(4.19) ^M(m)'*^77a wees ^ ^M(M)'*^r?AM(u) BCC + £4 

C C A 

+CM{u)^''r]AVB M{u)aa + C ^ M(i 



A 



A 

\AA 



It wiU be used in the later. By the Ricci identity, we get 

(4.20) uccAB = UABCC — uebRacc — '^uecRbca — uaeRbcc- 
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Then by (2.9), 

(4.21) Y.^^^^^'^'^'^c^B 

c 

= Miuf'uABCC - 2 ^ M{ufuEcRicA - 2 ^ M{u)'"'uAERicc 

c c c 

^ J2 M{u)'"'uABCC - C ^ M(m)'*'* Y M{u)aa - C ^ Miu)^"^ - C 

C AAA 

= Y M(u)^'^M{u)abcc + 2 ^ M{uy^UicUjc + 2 ^ M{uy^UiUjcc 

c c c 

-2 J2 M{uy^Uo.cupc -2J2 M{uf^u^uiicc - M{uf ^ M(u)aa 

C C A A 

-CYm(u)^^ -C, 

A 

and 

(4.22) Miuf'uicujc - Y M{uT'^Uccui3c 

c c 

= Y, M(uy^UiCUBC - Y, M{u)^'^UACUl3C 

c c 

= Y M{u)^^UACUBC - 2 ^ M{u)'^'^UACUf3C 

c c 
= Y M(u)^'^uacM{u)bc + Y M{uy^{uiUj + 5ij)uAj 

C j 

- Y M{u)"^{u„up + S„0)UA0 -2Y M{u)'^^M{u)acU0c 

13 C 

-2 Y M{uy'^{UiUj + 5ij)Ui3j + 2 ^ M{u)"'^{UaU~f + 5a-y)Ui3j 

j T 

j 7 

- ^M(M)'^(MiMj + 5ij)UAj - Y, M{u)°'^{UaUi3 + 5ag)UAI3 - 2 ^ Mca 

3 P a 

A.B j 

+2 Y M{u)°''^M{u)g^{ucUj + 5c^)-CY -M"(w)^^ - C, 

7 A 

where £5 = — ^ „„ ,„/ -^r^ and we have used the inequality 

6{1 + e^'-'3)^[l + C^) 

(4.23) - Y M{uy^{uiUj + 6ij)uAj 

3 

= - Yj M{uy^{uiUj + 5ij)M{u)Aj - Yj M{uy'°{uiUj + 5ij){ukUj + Sjk) 
j 3 

^ -C^M(w)'*'*-C, 



12 WANG ZHIZHANG 

and a similar inequality for term — JH/s M{u)°'^{uciUfj + Sai3)uAf3- Now by (4.22), 

(4.24) 2(^ M{ufuicujc - ^ M(w)"'^«„c«/3c) 

c c 

^ -£5 ^ WAS - C ^ M{u)^^ J2 M{u)aa -CJ2m{u)^^ -C. 

A,B A A A 

Now the term J2a M{u)'^^ J2a M{u)aa appears, which is one of our main difficulties. By 
the Ricci identity, (4.21) becomes 

(4.25) Y.^^'^^'^'^'^ccAB 

c 

^ J2 M{uf'M{u)ABCC + 2(^ M{ufuiuccj - ^ M{uY^u^ucc0) 
c c c 

A,B A A A 

At point P, by (4.3),(4.10),(4.12),(4.13),(4.25) we have 

(4.26) L(<^) 

^ e-'^<=''[C6'M(w)^^7?A?7s Am - C6M(w)^^7?abAw - 2C6M(w)^^?7a ^ "^ccb 

c 

JtY^'^'^)^'' ^i^)ABCC + 2C6M{uy'uirijAu - 2CQM{uT^Uc'nf}/^u 

c 

-£6 ^ wis - 1^ M(m)^^ Y Miu)AA M{uf - C] 

A,B A A A 

+M{u)^''Ub - 2M(M)*^MiG + 2M(m)"''m„C/3 

= e-'^«''{C|M(M)'*^77Ar7sAM - 2C6M(w)^^»7a wccs + Y M{u)^'' M{u)abcc 

c c 

+C6[M(w)^^(-7?)as + 2M{uy'uiVj - 2M(m)«'5mc?7/3] X^M(m)aa 

A 

+C6[M(u)^^(-77)as + 2M{uY'u,rjj - 2M{u)°'^ u^r,p\{\V - IVywl^ + m - n) 

-£5 I] ^As - C ^ M{uf Yl M{u)aa M(m)^^ - C} 

a,b a a a 

+M{ufCAB - 2M{uy'uiCj + 2M(ti)"''«„C/3 

Now using the first equality of (4.4), the bounds on ip, on xi, and on the norm of u, we 
have 

(4.27) M{u)'^''{-'^)ab + 2M{uY'uirij - 2M{u)°''^Ucri0 ^ cY^iu)^^ + C. 

A 

Combing the above two inequalities and (4.10), we have 

(4.28) L{4>) 

Z e-^^''{C|M(M)'*^77A»7BAM - 2C6M{u)^''r]A Y ^ccb + Y M{u)'"' M{u)abcc 

c c 

+(4£4C6 -C)Y Miuf-^ Y M{u)aa -£5Y - (CCe + C)Y M{u)^^ 

A A A,B a 

-CiCe)} + 4e4 Y M{uf - C. 

A 
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Here C (Ce) is a positive constant depending on ■(/), m, n, the norm of u and also Ce- Now 
we use equation. Take logarithm of (1.2) and differentiate it: 

(4.29) M{u)^''M{u)abc = [ln(J^)]c + '"^^"^^ [ln(/)]c, 

(4.30) M{u)''''M{u)abcc = M{u)'^'^' Miuf' M{u)ABcM{u)^,g,c 

+[ln(g)]cc+ "'+^^ + ^ ln(/)]cc. 

We choose a local orthonormal frame at P such that the matrix M{u) is diagonal at P. Then 
by (4.30), 

,4.3,, EMw-M,«,..„„ i E m(Z«S.. -^I:h/)iS 

, m + n + 2 (/)cc 
2 

where we used the boimd of K. Obviously, 



M{u 



^j^cM{u)aaM{u)bb 



> ^v^{U)cBC , ■'"Waco , y^ i"W 

" ^(")ccA^(m)bb ^ M(m)aaM(w)cc £^ M(w; 

Then by (4.29) and Schwarz inequality. 



A AC 



(4.33) ^ j:Mf)]c = -^-^^E^^^^-(ln(if))c 

C C A ^ ^ 

- m + n + m + n + l' M{u)aa 

^ m + n x^, M{u)aac -.2 ^ 
= m + n-\-l^ M{u)aa^ 

Now by (2.1) 

(4.34) (/)c = frUC + 2[/p ^ WjMiC + /« MaWac], 

i a. 

then by the Schwarz inequality and fp, fq > 0, 

(4.35) ^^i±^EH/)]?. = !:i±^5:r(/)c.. 



4 / 



= *^ + £5^ Mas + [/p ^'g +/gX^WaMac]^ 

AS ■' C i a 

AS •' < a i,C a,C 

Now by (2.1) and Proposition 3.3, 

(4.36) -2 ^ [f - fp^Ui - fg^ui] [fp UiC + /q X^ Mac] 

= (l + e^^3)^(l + g3T ^"^^ - 
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Now (4.35) becomes 

(4.37) 

c 



^ C - Ses ^ uab + ^ [/p MiC + a Mac]- 

>IS •' i,C a,C 

By (4.34), 
(4.38) ^ + » + 

= ^7 Z^ifrUcjC H 7 2^(fp)CUiUiC H 7 2^{.fq)CUaUocC 

•' C •' i,C ■' a,C 

m + n + 2 y-^ 2 , f 2 T m + n + 2 y-^ , r \r i 

H 7 i/p 2^ MiC + /q 2^ MaCj H 7 [jp UiUiCC + Jq UaUaCc\ 

■' i,C a,C •' i,C a,C 

^ 2 ^ , ■m + n + 2 , J. 2 

^ — /^K > « 75 — ( ^ -I 1 T„ > i;,.^ + r„ > H-^cj 



E2 „ , mi-n-i-z 2 , J. 2 

MAi3 - C H 7 [/p 2^ UiC + Jq } ,Ua 

AB •' <,C a,C 

m + n + 2 \ - , f i 

■' i,C a,C 

By (4.12), 

(4.39) ^^i^f^[/p^ Mas, 

^ i,C a,C A,B 

where C{C6) is a positive constant depending on an imdetermined constant Ce. Then by 
(4.33), (4.37), (4.38), (4.39), 

(4.40) _n^±n + 2 ^^^^^^^^ ^ rn + n + 2 ^ (^ 



^ _ 



m + n v^rM(w)AAC,2 , „ 2 ^y/ry \ 

:TT^gM(^l +3s«g«.,-C(Ce) 

Now by (4.31), (4.32), (4.40) and (4.1), < 3, 
(4.41) ^ M(w)'*^M(m) ABCC 



\AB , 

C 



Then by (4.19),(4.28),(4.41), and Ricci identity, we have 
(4.42) L(0) 

^ e-^<"'{C6(C6 - C'6)M(«)^^r7Ar7B ^1 M{u)aa - 2C^ ^1 M{u)^''r]AM{u)BCC 

A C 

2 



M{i 

-CiCe)} + 4e4 M{uf - C. 



A A A^C 
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^ Ce Ce-Ce 



Now take Ce > C'e- Since 

M{u)aaM{u)cc 

< r (r - r \ VaM{u)cc Ce M{u)icc 

= M{u)aa ^ Ce-Ce^aM{u)AAM{u)cc' 

and 

^ M{u)aa {m + n + 1)^ M{u)i^ ^ 

then 

(4.45) C6(C6 - C(,)M{ufr]AT)B M{u)aa - 2C6 ^ M{u)'^''r,AM{u)BCC 



A C 

2 1 »J■^,,^2 



frL M(u)aaM(u)cc m + n + 1^ 



AAC 



\2 



^_^^M{u)aaM{u)cc m + n + 1^ M{u)^^ 



Now by (4.1), (4.45) , si ^ 1, we have 
(4.46) L(0) 



e 

A^C 



+(2C6£4 - Ct) X! M(m)'*'* ^ M{u)aa + £5 X! wiis} + 4e4 M^uf-^ - CiCe). 

A A A,B A 

We take Ce big enough to satisfy 

(4.47) 2 > 0, 20664 -Cj > 0, and 4e4 - e"'^''(C'8C6 + Cg) > 0. 

Now by (4.47) and r] ^ I, (4.46) implies that J2a b '^ab is bounded at point P. So the 
function has a uniform upper bound, and by the positivity of matrix M(u), there is a 
constant Cj depending on K, ip, m, n, dfl such that 

(4.48) X^ImabI' ^ Cr. 

A,B 

This gives the interior estimate. Here we generalize the idea of [Y] to deal with the 
term. In order to obtain the estimate, now we only need the estimate on the boimdary. 

5. ESTIMATE ON THE BOUNDARY 

Let P be on the boundary x 5", P = (P., P,), and n\P) = ni{P:,) x B^iPy). Here 
ni{P^) = Q^n Bi{P^), and Bi{P^), B^{Py) are S geodesic sphere neighborhoods of S"" 
and 5" centered at Px and Py respectively. Since f2 is a PHC-domain, for sufficiently small 
6, we can find a frame {ei, ■ ■ ■ , Cm+n} on ri^{P) such that: is the outer normal direction 
on dfl^{P); the previous m — 1 ones are tangent vectors of dQ.x; the last n ones are tangent 
vectors of 5". By compactness of dQx, we can take S independent from boimdary points. 
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(The proof is similar to Lebesgue's Covering Lemma.) Taking 5 < 1 sufficiently small, we 
consider a local function on (P), 

(5.1) 4> = (w - il^)c + 

where 4> G ABF(t, K), and v is an undetermined function which we will give explicitly in 
the following. If attains its maximum value at some point Q in (P). Then at point Q, 

(5.2) (u-'(/')cA+UA = 0. 

By (3.23) and Ricci identity, 

(5.3) L4, = M{u)^''{u-ij)cAB+M{u)^''vAB 

Z M{U)'^''UABC + M{U)''''VAB - C(l + ^ M(«)^^). 

A 

For any function ^ define an operator 

(5.4) L(^) = M{u)^''iAB-2M{ufui(,i+2M{uY'^Uo.^i3 

m + n + 2 t , t i 

7 [/p Z^Ui^i + fq 2^Ma?aJ- 

< a 

Then by (4.29),(5.2) and (5.4), (5.3) becomes 

(5.5) L(t> 

^ 2M{uY^UiUjc - 2M{u)"^UaUi3c + —^—j-^Uv UiUjc + /? X/ ""^"C') 

■' i a 

+M{uf''vAB -C{l + Y. M{uf) 

A 

^ Lw-C(1 + ^M(m)'*'*). 

A 

Now we define a vector field in R™+^ For < e < 1/4 and P^, £ dil^, let 

(5.6) xl^!.) = -e^(P^)+e7(P,,). 

Here we use 7(-) and em(-) to denote the vectors at point "•" in 1^""+^, and 7 is defined in 
(1.1). We choose a coordinate system for R'"^^ with first coordinate axis given by x{Px)- 
Denote by < ■, • >m and | ■ |m the inner product and corresponding norm of R"*^^. Let 
H — {j e S""; < — em(Pr), 7 >m— 0} be a totally geodesic submanifold of S"". Since Q.x is 
a strictly infinitesimally convex domain, it is a strictly locally convex domain (see [S]). Since 
the exponential map of 5"* takes the subspace Tp^ (dflx) onto H, we have H nQx = {Px}- 
(If there is another point Px G H nClx, the minimal geodesic curve connected Px and Px 
is contained in H nClx which contradicts the strictly locally convexity of dQx ■) This means 
that for any Q'^ €Qi, 

(5.7) <jiQ'x)-1{Px),-em{Px)>m > 0. 

Now define 5^- = {Q'x G S"; |7(QL) - 'y{Px)\m = 5'}. For G n^(P.) n S^' where 
3' < 2 sin((5/2) (guaranteeing that Q,^^ n 5*^' is non-empty), we have 

(5.8) <7(QL)-7(P.),7(J'.) >m = -{S'f/2, 

where we used \j{Qx) - j{Px)\'L = {S'f and |7(QL)|m = |7(-Pi^)|m = 1. Now denote 
a^iQ'x) =< liQ'x) - l{Px),e,(Px) >m. Then by (5.8), TJ^^ (4{Q'x) + = By 

(5.7), we have —am{Q'x) > 0. Now further assume is the minimum value point of 
function — Om. Then (Q^) < (5')^ — (<5')*/4 for i ^ m. We can take a vector 6 in Sg' 
defined by 6 = E» 6«c,(P,) + [1 - {S'f/2]^{Px) such that for i / m, > \a^{Q'^)\; and 
—6m < —amiQx)- By the openness of fi^ (Pa;), the point corresponding to 6 is in (Pa;) if 
we further require that [6, — ai{Q'^) \ is sufficiently small. This is a contradiction. Hence the 
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minimal value of function —am in i}'l{Px) n Ss' only occurs in dni{P^)nSs'. So for any 
€ 0.i{P^) n Sg,, by (5.8) hold for any point in 5^ and (5.6), 

(5.9) < 7(Q;) - ^{P.),x{P.) >m ^ inf < 7(Qx) - x{P.) >m • 

Qi'e8r!j(Px)nS5, 

Let V, V be the Levi-Civita connections of S"" and E'"+^. Since dQx is a strictly infinitesi- 
mally convex hypersurface in S"", its second fundamental tensor is positive definite every- 
where. Then for i, j ^ m, on (P^) the order m — 1 matrix 

(5.10) < Ve, Ve_,.7, -em >m = <Veiej,-em>m 

has a positive xmiform (independent from the choice of boxmdary points) lower bound, by 
the compactness of dft^. By (5.6), we can take a uniformly sufficiently small e such that 
the matrix (< Ve^Ve^XX >m)(m.-i)x(m.-i){Px) also has a xmiform positive lower bound. 
Now by the Taylor expansion of dQx near P^ with the frame ei{Px), ■ ■ ■ , em-i{Px), we 
find that the right hand side of (5.9) is non-negative for sufficiently small 3. Moreover the 
choice of 5 is independent from the boundary point, as follow from: (i) there is a uniform S 
such that: Sil* (P^ ) can be parameterized, and the tangent vectors along the parameterized 
curves at Px are ei{Px), ■ ■ ■ ,em-i{Px); (ii) for the fimction < 7(QL') - y{Px),x{Px) >m 
where Q" € dQi{Px), the second order term at Px has a xmiform lower boxmd, and higher 
than second order terms at Px have uniform upper bound. By the arbitrary choice of 5', we 
have < ^{Q'x) - ^{Px),x{Px) OforQL e f2^(P,)which implies in n^(P,) tiiat 

(5-11) ^1 ^ MPx) = jp^^ > 0. 

Denote 9 = xi{Px), which is a constant only depending on dClx- Now obviously for i^m, 

(5.12) {xi)i{Px) = 0, and \{xi)m{Px)\ Z \. 
Now we let 

(5.13) w = e-'^«("-*^ -he-'^«^«'''^-^\ 

Here Cg, Cg are two constants which we will determine in the foUowiag. Using the similar 
tiicks of (4.4) to (4.9), we have 

(5.14) L(e-'^«("-*') 

^ e-''^("-*)[-CioC8 + (SeaCs - Cn) ^ M{u)^^ - C^^Cs ^ M{u)% 

A i 

and in (Pa;), 

(5.15) i,(e-C's'C:s{^i-e)) 

= e-^«^«^"^-*'{(C9C8)'M(«0''(-^-i)':(-^-i)j- - C-,C^M{uy\x-,),j 



/ 

2 



where we used {x\)ij + xiSij =Q,x\'^9 and the inequality 

(5.16) \2C9CiM{ufui{xi)i\ ^ (gggs)" M{uy\x^)i{x^)j -hC ^ M{uy 

i 

Then for any point Q' € Q^P), Q' = {Q'x,Q'y), we have 

(5.17) \{xi)iiPx) - {xi)i{Q'x)\ S \\'{xi)i\distx{Px,Q'x) ^ CisS, 
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where C13 is an absolute positive constant and distx{-, ■) is the distance function of S" 
Assume 0^,0% > 1. Then we choose S such that 

(5.18) 5 ^ ^ 



By (5.12), (5.17), we have for i ^ m 

(5.19) \{xi)iiQ',)\ S 6(c^ < 1, and i < |(a;i)^(Ql)|. 

Then in fi'^ (P), by the positivity of M{u) and (5.16), 

(5.20) M{uy^{x-,),{xi), 



1 



Now (5.12) becomes 

(5.21) ii^^-c,,cs{^^-e)^ 

Since at point P,u — ijj — Cg{xi —6) = 0, we know that in Q,^{P), 

(5.22) \u - i> - c.,(x^ - e)\ (|v(u-v)| + r;<)|v(xi)|)5 ^ CiqC^s, 

where Cie is a positive constant depending on ^ and C3. We further require 

(5.23) 5 S ^ 



CgCsCie 

We take Cg = majc{l, {eCi2 + C14) /e}, and 

(5.24) Cs ^ —. 

£3 

Now by (5.14), (5.21), (5.22) and (5.23), 

(5.25) l(^e-'^s(u-^) ^ g-C9Cs{x,-e)^ 

^ e-°«("-*){-C'ioC8 + (SeaCg - Cn) ^ M(w)'*'* - CizCg ^ M(w)" 

A i 

+gC8[(«-V')-C9(xi-e)] + (C9C86' - Cm) V M(m)" - CiiCgCs]} 

8 

Z e-^«("-*)[-C'ioC8 + (3e3C78 - Cn) ^M(m)'*'* - CiaCg ^ M(w)" 

A t 
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Since Ce. > 1 and by (1.2),(5.13),(5.24) and (5.25), 
(5.26) L(w) 

^AA , -1 (CgCs)'^ 
ivi " 

A 



^ e-gs("-^)[2£3C8^M(M)^^ +6-^ ^"^^^ M(m)""" - (6-10 + 6615^9)^8] 

A 

^ g-Cs(.-*) [gg^g ^ M(w)^^ + £3^8 ^ Aa + e-^ ^^^^ Ai - (Cio + e(7i5C79)C8] 

A At^I 

A A 
^ g-Cs(.-*)[^g^^^^(^-)AA ^ ^^^^IR±21±1^^^ _ ^C^o+eCl5C9)Cs], 
A 

where we assume Ai ^ A2 • • • ^ Xm+n to be the positive eigenvalues of the matrix M{u)~^, 
and Cir is a positive constant depending on £3, C9, C3. Now by (5.24), we take 

/c oTv n (^"10 + eC'isCg)'""'"" , 

(5.27) Ca = max{l, , -^^ — - — }. 

Now we choose 6 sufficiently small and satisfying (5.18),(5.23), then in (P) by (5.26),(5.27), 

(5.28) L{w) ^ C'i8^Af(u)'''\ 

A 

ForQ' e 0''(P),welet 

(5.29) v{Q') = Ciow(Q') -Ciid'(Q'), 

where d(-) = dist{P, •), dist{-, •) is the distance function of x S", and Cio, Cn are two 
positive constants which will be determined in the following. Then by (5.1) and (5.29), we 
know that on fl O'' (P) \ {P} (where w < 2 and u\gn — ^p), we have 

(5.30) <p = Cww-Cud^ < 2Cw. 
Obviously 0(P) = 2Cio. Moreover, on 9^* n fi, 

(5.31) (j> S (w - V)c + 2Cio - Ciid^ ^ C'l9+2Clo-Cll5^ 

where C19 is a positive constant depending on C3, V'- Now we take Cn = {C19 + 1)/(5^ . By 
(5.30) and (5.31) on dQ^{P) \ {P}, 

(5.32) <^ < d>(P) = 2Cio. 

We notice that the derivative of the smooth function dist^ (P,-) has a uniform bound which 
does not depend on the point P. Then by (5.5),(5.28) and (5.29), we have 

(5.33) Lct> ^ CioCisY,M{u)^^ -C2o{l + ^M{u)^^), 

A A 

where C20 is a constant. So by (1.2) and Proposition 3.3, we only need to take Cio big 
enough, then Lcp > in Q,^{P). This means that the maximum value of function 4> is 
attained on the boundary. Then in Cl^ (P), (5.32) gives 

(5.34) {u-i>)c S CiidVCio[(l -e-^«<''~*') + (l-e"^«^**<"i"''')]. 

Both sides of the above inequality are at point P. Now we obtain the uniform lower 
boimd of term (w — il>)cm.- And letting 

(5.35) <p = -{u--(jj)c + v, 

we can similarly obtain the upper boimd. So for C ^ m, there is a positive constant C12 
depending on xp, K, m, n, dQ such that on dQx x 5" 

(5.36) |(«-V)cm| S C12. 
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By the choice of frame we made in the head of this section, and by the equality on the 
boimdary u = '4>, we know that ior A, B ^ m, on dQ^ (P) 

(5.37) UAB = itAB - hAB{u - %l>)m, 

where Hab is the second fundamental tensor along the outward normal direction Cm. of dO.. 
Obviously, if one of A, B takes value inm + 1,- - ,m + n, then Hab = 0. Moreover, as ip € 
ABF(r, K), ip only depends on S"^. So for i, j ^ m, 

(5.38) Uij = tpij - hij{u - tp),n, 

and UAB = for the other cases. Since M(u) is positive definite, we now only need the 
upper bound on Umm- We use the same argimient as in the papers [T] and [G]. For P € dQ, 
define a function 

(5.39) A(P) = min [V««(P) - (V4w(P))' - 1], 

where | • | is the standard norm of S"" x 5". Assume that at Po € 90 and ^ = ei(Po) € 
Tp^idn^), A attains its minimum value. Then A(P) ^ A(Po). By (5.37), (5.39) and u\an = ip, 

(5.40) /iii(P)(w-V)m(P) ^ {^ii{P)-^UP))-ii'iiiPo)-i'UPo)) 

+/iii(Po)(m- V)m(Po). 

By the compactness of dQx, there is a uniform sufficiently small 5 such that on f2''(P()), the 
smooth function /ill =< Veiei,em >m has a uniform negative upper bound. Now on 
n^(Po),let 

(5.41) *(Q) = /iii(Q)-'[(^/'ii(Q)-V?(Q))-(V'ii(J^o)-Vf(J'o)) 

+ /lll(Po)(u- V)m(P())], 

where Q G O'^(Po). By (5.40), for P G 0*(Po) n dfi, obviously 

(5.42) (M-V)m(P) ^ *(P), and (m-^)^(Po) = *(Po). 
Thenonfi''(Po),let 

(5.43) <t> = ^ - {u-tp)m+v. 

By (5.42), and a similar argument as in (5.1) to (5.5) and (5.28) to (5.33), 4> attains its max- 
imimi value at point Po for a choice of suitable constants of v. Then </)m,(Po) ^ which 
implies that Umm (Po) has a upper boimd. So at Po by (5.38), all eigenvalues of M{u) have a 
upper bound. By equation (1.2), the minimum eigenvalue of M{u) at Po has a lower bound, 
which implies that A(Po) has a lower bound. Since Po is the minimum value point of A, for 
any boundary point P, and any unit vector ^ G Tp{dQx), \/^^u{F) — (Vjm(P))^ — 1 has a 
uniform lower bound. By the sentence after (5.38) and Definition 3.2, 

(5.44) M{uymm = (Uij - UiUj - 5ij)(m-l)x(m-l), 

where M(u)^„ is the cofactor matrix of M{u)mm, and the right hand side is a order m — 1 
matrix with i,j 7^ m. So on the tangent space of dflx, diagonalizing the matrix M(u)*^^^, 
we find that A/(u)^„, has a positive uniform lower bound. With the same argument as 
in [CNSl], Umm has a uniform upper boimd. Now by (5.36) and (5.37), there is a positive 
constant C13 depending on V", K, m, n, dQ such that on dQx x 5", 

(5.45) \uab\ S Ci3. 

Now we have the estimate on the boundary, and combining this with the interior 
estimate and proposition 3.3, we obtain estimate. Then using Evans-Krylov theory 
(see[GT]), we have the C^'" estimate. Then differentiate equation (1.2) and using Schauder 
theory, we obtain Proposition 1.2. This gives the existence part of Theorem 1.2. For the 
uniqueness part, we let g equals j(™+"+2)/2 jj-^ Lemma 3.1. If a, v are both solutions of 
Problem (1.2), then G{u) = G{v). Then similar as the argument of (3.14),(3.15), we can use 
Lemma 3.1, and for the equality of boimdary-values, we have u = v. 
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